We construct a supersymmetric model of interacting Majorana modes on the kagome lattice. The supersymmetry is manifest in the infinite-coupling limit, which exhibits an extensively degenerate ground state manifold separated in two topological sectors, in addition to two parity supersectors. An exact solution for thin torus geometries allows us to analytically construct the entire ground state manifold. Upon inclusion of weak two-fermion terms, the supersymmetry is broken for finite systems but recovered in the thermodynamic limit. We also briefly discuss the non-interacting limit of the model, which exhibits a zero-energy flat band and Majorana Chern bands.
Introduction.-Supersymmetry (SUSY), a symmetry which relates bosons and fermions [1] , was originally proposed in high-energy physics as a possible extension of the standard model [2] [3] [4] [5] [6] . Whereas its status as a fundamental symmetry of nature is debated, realizing SUSY as an emergent low-energy property in condensed matter systems has attracted considerable recent interest.
Two main avenues of research have been explored so far. The first idea focuses on supersymmetric quantum critical points [7] occurring, for example, at surfaces (edges) of 3D (2D) topological insulators [8] [9] [10] [11] [12] [13] , in Weyl/Dirac semimetals [14] or in 1D chains of interacting Majorana zero-modes (MZMs) [15, 16] , where the tri-critical Ising point [17] is realized. These proposals all require some fine tuning to reach the quantum critical point. Another avenue is to engineer a supersymmetric phase. In that case, SUSY is not an emergent property appearing at a critical point, but rather embedded directly in the Hamiltonian describing the system, which is constructed by squaring a "supercharge operator". This strategy has a long history in various lattice models [18] [19] [20] [21] [22] [23] [24] [25] . Recently, interest in this approach was revived by considering systems comprising MZMs instead of complex fermions. The main advantage of using MZMs to construct a supercharge is that they often result in simpler Hamiltonians, a consequence of the fact that MZM operators square to identity [26] . This led to recent proposals for 1D Majorana chains which admit a supersymmetric phase with an exactly solvable point [27, 28] .
Here, we present an extension of these ideas to 2D systems of interacting MZMs [29, 30] , which were recently studied (in a different context) on the square [31] [32] [33] and honeycomb [34, 35] lattices. We construct a supersymmetric model of interacting MZMs on the kagome lattice, with strictly local two-fermion and four-fermion terms, and a single parameter g controlling their relative strength. Its phase diagram is shown in Fig. 1(b) . In the infinite-coupling limit (g = 0), the model exhibits a ground state manifold with degeneracy that is exponential in system size, a property sometimes referred to as superfrustration [19] . Furthermore, the limit of thin tori (quasi-1D) geometries is exactly solvable, which allows us to explicitly construct all ground states. Numerical simulations suggest that the supersymmetric phase extends for a range of couplings |g| < g c away from the infinite-coupling limit. When two-fermion terms reach a critical strength g c , SUSY is spontaneously broken.
The model.-We consider a kagome lattice with one MZM at each site [ Fig. 1(a) ]. We then define the supercharge as the following Hermitian operator
where V ∆ = i j∈∆ χ j are plaquette operators on each triangle, and the product over j is taken clockwise [36] . The usual algebra for Majorana modes is {χ i , χ j } = 2δ ij and χ † j = χ j . We construct the Hamiltonian by squaring the supercharge operator, H = Q 2 , leading to
where N is the number of lattice sites. The first term describes nearest-neighbor hoppings, where the signs are positive in the clockwise direction along each triangle. The second term represents four-fermion interactions involving one MZM on each corner of the bowtie structures of the kagome lattice [see Fig. 1(a) ]. Note that the MZM on the central site of each bowtie (shared by two triangles) is absent, a consequence of the property χ 2 j = 1. The Hamiltonian is positive-definite by construction -H and Q being mutually commuting Hermitian operators, we can choose common eigenstates with real eigenvalues E and q, respectively, which gives E = q 2 . This procedure, whereby one constructs a single Hermitian supercharge and then squares it, always generates a Hamiltonian with explicit N = 1 SUSY. However, this is not sufficient to ensure a supersymmetric phase because SUSY can be broken spontaneously -as signaled by a non-zero ground-state energy density, E 0 /N > 0 [5] , and the presence of Nambu-Goldstone fermions [3] .
Symmetries. -The fermion parity P = (−i) N/2 j χ j commutes with the Hamiltonian, which comprises only two-and four-fermion terms. The fermion parity also anticommutes with the supercharge Q,
which implies that all eigenstates of H are at least doubly degenerate. They form two supersectors of different fermion parities P = ±1, corresponding to the "bosonic" and "fermionic" parts of the Hilbert space.
The eigenstates with non-zero eigenvalues can be arranged in SUSY doublets (ψ, Qψ). [37] Throughout the paper, we consider periodic boundary conditions with L x and L y unit cells along the x and y directions shown in Fig. 1(a) . This defines the translation operators T x and T y , such that [H,
Translations are subtle for systems of MZMs. As discussed in Ref. [38] , for L x odd and L y even, we have
and if L x and L y are both even, we have
Note that Eq. (5) results in a twofold degeneracy of the ground-state manifold, on top of the degeneracy expected from supersymmetry (more details in the Supplementary Material (SM)). The model is also invariant under the point group symmetries of the kagome lattice, when compatible with the periodic boundary conditions. These symmetries are however not crucial to the present work. Finally, we can define a time-reversal operator Θ which simply sends i → −i and leaves all the χ j invariant. This operator is constructed explicitly in SM and combines complex conjugation K with a product of one half of the MZMs. It acts as ΘH(g)Θ −1 = H(−g), and thus the spectrum of H(g) is identical to that of H(−g). Non-interacting limit. -For g = ∞ the Hamiltonian becomes bilinear in MZMs and can be written in momentum space as H = 2 kx>0,ky
T and
and a is the nearestneighbor distance. The energy spectrum
has a flat zero-energy band containing 1/3 of the states and two fully gapped bands with Chern number C = ±1 [The flat band has C = 0]. This result differs slightly from the complex-fermion version of the model analyzed in Ref. [39, 40] , where the flat band sits at the top of the conduction band. In our case, the flat band needs to sit at E = 0 because H k is particle-hole symmetric and has an odd dimension. In Fig. 2 we present the spectrum of H k for a cylinder geometry with open boundary conditions along one direction. We observe two sets of chiral edge modes traversing the gap between the flat band and the two dispersive bands, confirming the assignment of Chern numbers given above. Infinite-coupling limit.-Now let us focus on the g = 0 limit. At that point the model has more symmetries, which we discuss now. First, the Hamiltonian becomes purely real and thus commutes with time-reversal, ΘH(0)Θ −1 = H(0). Next, we consider the product of all MZM operators on a given sublattice [which we label α = r, g, b as in Fig. 1(a) ], P α = (−i) M/2 j∈α χ j , where M = N/3 is the number of sites on each sublattice. The total fermion parity operator P is equal to P r P g P b and
such that individual color parity P α is a good quantum number. The commutation relations with T x and T y also depend on system size, in a similar way as with P . For g = 0, the supercharge Q only has triangular plaquettes. Therefore, any operator W L = j,k∈L (iχ j χ k ) taken along a closed path L touching 0 or 2 sites per triangular plaquette will commute with Q. These loops are of two fundamentally different types -local loops comprising hexagons O xy (or products of hexagons), and topological loops W x , W y winding around the torus [see Fig. 3 (a)]. Any local loop crosses the path of a topological loop at an even number of sites, and thus commutes with it. This means that the eigenvalues of W x , W y cannot be changed by local operators commuting with H, and can be used to define topological sectors in the ground state manifold. Note that {W x , W y } = 0, so that the eigenvalues of one loop define two topological sectors, whereas the other loop acts to switch between them.
Exact solution at infinite coupling. -The extra symmetries discussed above render the g = 0 limit simpler than the generic model, but still seems intractable. The bowtie interaction terms do not commute, and we find that all ground states are entangled, in contrast to 1D SUSY Majorana models [27, 28] . It turns out that thin tori geometries -systems of size L x × 2 with L x any integer -are simpler because the real-space entanglement is limited to only one color. This allows us to construct the exact solution for the ground state manifold -that is, to find all the zero-energy eigenstates of H. We outline the argument here and relegate technical aspects to the SM.
To set the stage, we pair same-colored MZM sites into complex fermions, as shown in Fig. 3(b) . The solution then proceeds in two steps. First, we consider only the sector of the Hilbert space spanned by green and red fermions. We show that states |rg where every column x has the same fermion parity are annihilated by the sum of green-red bowtie terms. These states are thus good building blocks to construct zero-energy eigenstates. Note that such column parities are equivalent to the loop operators W y defined above, and thus describe the two topological sectors. Each sector comprises 2 Lx states, as two configurations per column give rise to the same parity -for example, see Fig. 3 
(c).
We now turn our attention to the blue sector. Considering the remaining bowtie terms, we show that the problem reduces to a non-interacting 1D chain described by Hamiltonian
Here ξ α x = 2n α x −1 (n α x = 0, 1 are occupation numbers) are fixed to ±1 by the procedure described above and b † x , b x are blue fermion operators. The two terms in Eq. (9) represent, respectively, nearest-neighbor hopping and pair creation/annihilation. The ξ α x factors can be consistently absorbed in a redefinition of the blue fermion operators, such that Eq. (9) becomes the celebrated Kitaev chain model with zero chemical potential [41] . In momentum space, the spectrum of H blue consists of two flat bands at energy ±4, and its many-body ground state |b has energy − This systematic procedure allows us to construct a zero-energy manifold of size Ω = 2 × 2 Lx , as shown in Table I . The ground state wavefunctions are quite peculiar -they are product states in the red and green sectors, whereas the blue sector comprises an equal weight superposition of all configurations of given color parity [see Fig. 3(c) ]. Note that the fermion parity (or supersector) of a state is independent of its topological sector (the column parities). Thus, the ground state manifold splits into 4 sectors which cannot be connected by local, commuting operators [42] . Within each sector, all ground states can be connected by local operators comprising products of hexagons O xy . To check that our method allows to construct the entire zero-energy manifold, we numerically obtained the ground states using exact diagonalization (up to system sizes 8 × 2) and verified the one-to-one correspondence with the analytical result [43] .
This exact solution unfortunately does not inform us on the structure of excitations, which represents a much harder problem. For even L x , numerical results suggest that the model might be gapless in the thermodynamic Circles represent reliable energies, whereas crosses are an upper bound (see SM for details on numerics for very large systems). n/a n/a TABLE I. Ground state degeneracy Ω for small systems obtained from exact diagonalization. For N > 42, only the g = 0 limit is accessible because of its extra symmetries (see SM).
limit [see Fig. 4(c) ]. We find that the lowest excited state manifold is also exponentially degenerate and comprises states with alternating column parities, in stark contrast to the ground state manifold. Note that such excited states cannot be locally created from a ground stateone needs to apply an operator (of size scaling at least linearly with L x ) which anti-commutes with one half of the loops W y . For odd L x , alternating column parity states are impossible. Whether the theory is gapped or gapless is unclear [see Fig. 4 (c)] and will require more sophisticated numerical methods to settle. Our solution does not easily generalize to the truly 2D limit, as the entanglement pattern is more complicated and involves all colors. Numerically, we checked that systems of size 3 × 4 and 3 × 6 also have degenerate ground states with Ω = 128 and 512 respectively. This suggests that the exponential scaling is a truly 2D property, independent of the thin tori geometry. The topological sectors are also expected to survive, as no local operator can change the eigenvalue of all loops W y . However, we find a small but non-zero ground state energy for the largest system size amenable to exact diagonalization, 3 × 6 (N = 54). Whether or not SUSY is broken spontaneously in the 2D limit is thus still an open question.
Supersymmetry away from infinite coupling -When g = 0, the color parities and loops are no longer symmetries, and thus the exponential degeneracy collapses to a fixed number independent of system size (8 for even L x and 4 for odd L x ), as shown in Table I . We find numerically that the ground state energy E 0 is not strictly zero, and thus SUSY is broken for finite systems. For g < g c where g c 0.25, SUSY is recovered in the thermodynamic limit, as shown in Fig. 4(a) and (b) . Indeed, we find that E 0 is approximately independent of N , suggesting that the ground state energy density E 0 /N vanishes as N → ∞. Above g > g c , E 0 diverges with N , indicating that SUSY is broken even in the thermodynamic limit. An analytical argument (see SM) shows that, on general grounds, SUSY is necessarily broken for g ≥ 1.6. However, this bound is loose compared to the numerics. The nature of the phase transition at g c is beyond the scope of the present work and might exhibit rich physics. Indeed, the spontaneous breaking of SUSY (in the thermodynamic limit) is expected to give rise to NambuGoldstone fermions [2, 3] . Understanding their dispersion relation (which is cubic for the 1D SUSY Majorana case [28] ) could be an interesting direction to pursue.
Outlook. -To our knowledge, this model realizes the only example of a supersymmetric phase in 2D built out of MZMs. Our construction can be applied more generally to any lattice comprising corner-sharing triangles, such as triangular in 2D and hyperkagome or pyrochlore in 3D. Many questions remain unanswered -for example, what is the phase realized for weak interactions, g > g c ? This is not obvious since the non-interacting limit has a completely-flat band at zero-energy, and thus even weak interactions could have an important effect. A more detailed analysis of the excitations of the model in the infinite-coupling is also called for, and could reveal even more interesting structures owing to the presence of topological sectors. Furthermore, reliable large-scale numerics are needed to unambiguously determine the fate of SUSY far from the thin tori geometries, and whether the model is gapped or gapless in the thermodynamic limit. Another interesting question to consider is the stability of the SUSY phase to different four-fermion interaction terms as well as other generic perturbations.
Note that the results of Ref. [38] imply that all translation-symmetric lattice models with an odd number of MZMs per unit cell exhibit an N = 2 supersymmetry. Here, we constructed explicitly a model with N = 1 supersymmetry which clearly involves physics beyond the construction employed in Ref. [38] .
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Supplementary Material for "Supersymmetry in an interacting Majorana model on the kagome lattice"
A. Further discussion of symmetries Time-reversal symmetry. -Here we construct the fictitious time-reversal operator Θ, such that Θχ k Θ −1 = χ k and ΘiΘ −1 = −i. Therefore any real Hamiltonian built out of χ j will be invariant under Θ. For systems with an even number N/2 of complex fermions, we choose
where K is the complex conjugation operation (K 2 = 1), and we use the convention where
With this definition it is easy to check that [Θ,
If k is odd, χ k commutes with K and with the product (which does not contain χ k ). If k is even, acting with K picks up a minus sign, and another minus sign comes from anti-commuting with the product (which now contains χ k ). Thus [Θ, χ k ] = 0 and Θχ k Θ −1 = χ k . For systems with an odd number N/2 of complex fermions, we instead choose a product including the other half of the MZMs,
By the same reasoning as above, we find that [Θ, χ k ] = 0. Translation operators. -From the symmetry between rows and columns, it suffices to consider the cases with even L y . In this case we can construct explicitly the translation operators from the Majorana operators as
Note that the order can not be changed arbitrarily. It is straightforward to check that T x is unitary and
Combining this with the requirement that
it is straightforward to check Eqs. (4) and (5). Degeneracy of energy levels for g = 0. -In the main text, we discussed a set of mutually commuting operators: H, P and T x . We can thus classify the eigenstates of H in the common eigenbasis of all three operators. Note that P squares to 1 and thus has eigenvalues ±1. T x is unitary and respects (T x ) Lx = 1. It thus has eigenvalues e iφ where φ = 2πm/L x with m integer. Given an eigenstate ψ, we can use Q or T y to construct a degenerate subspace consisting of orthogonal states, as shown in Table S2 . When L x is even, this implies that every eigenstate of H is at least four-fold degenerate. When L x is odd, the ground state is minimally two-fold degenerate, as shown in S2. These numbers should be compared to the degeneracy obtained numerically for g = 0 in the main text -8 and 4, respectively. The extra degeneracy of 2 is probably a consequence of the point group symmetries which were not included in our analysis.
Hexagonal plaquettes at g = 0.
-One interesting feature of the model at g = 0 is that we can identify a set of mutually commuting hexagonal plaquette operators O xy ,
which also commute with the Hamiltonian. Note that neighboring hexagonal plaquettes anti-commute on the kagome lattice as they only share one site, but one can still pick one third of the hexagons to form a set of mutually commuting operators (compatible with the "Kekulé" tiling). There is one such hexagon for every three unit cells, that is, N/9 hexagons. One can extend this construction to a coarse-grained kagome lattice with side length 3 n a (where a is the nearest-neighbor distance), as shown in Fig. S1(a) and (b). That is, for each n, we can construct similar hexagons at a larger scale. Importantly, this new set of operators commute with every operator at the previous step (i.e., shorter lengthscales). The maximal number of such mutually-commuting operators is 1/3 of the operators at the previous step n − 1. We thus sum the geometric series,
This set of conserved quantities spans a Hilbert space of at most 2 N/6 , whereas the total Hilbert space dimension scales as 2 N/2 . This is therefore not enough to afford us with an exact solution in the 2D limit. Also note that not all configurations spanned by these hexagons are allowed in the ground state -for example, it is not possible to flip the eigenvalue of single hexagon without leaving the ground state manifold. 
B. Details of exact solution
Here we present details of the exact solution presented in the main text for system sizes L x × 2. We first fix the complex fermion basis for the problem using the pairing shown in Fig. S2 . This basis calls for partitioning the solution, by looking first at individual columns labeled by their position x, as in Fig. S2 . We also consider separately the bowtie terms which contain blue sites and the bowtie terms which do not.
No blue fermions -There are two green-red bowties per column (let us call them B x 1 and B x 2 for the column labeled by x), and any such "pair" of bowties act on the same four complex fermions. Those are defined, following the basis in Fig. S2 , as
Now we re-express the red-green bowties B 
Adding both terms, we are left with
It follows that all states with an even occupation number (among the four fermions considered) are annihilated by B
2 . These are thus good building blocks to construct zero-energy eigenstates. Note that either both columns have an even number of fermions, or both columns have an odd number fermions. Now, we need to combine this solution space with that of the next column, where B annihilates states with an even number of fermions on the adjacent columns x + 1 and x + 2. Carrying this procedure iteratively, we see that in the ground state all columns have the same fermion parity. This is the condition discussed in the main text.
Blue fermion terms -Now, we deal with terms involving blue fermions. Let us define our basis. We re-use the fermions g x and r x , and introduce the blue fermions
There are four blue-containing bowties per column xtwo red-blue bowties labeled A In the complex fermion basis, using the definitions Eqs. (S9) and (S12), those read:
where we simplified the expressions using ξ r x = iχ 4 χ 3 and ξ g x = iχ 2 χ 1 , where ξ = −1 (ξ = 1) represents an empty (occupied) fermionic state. Note that the bowties act trivially on the green and red parts of the wavefunctions. This is a crucial property of L x × 2 systems which render this exact solution possible. Again, summing bowties of the same type, we get a simple form
Note that A Lx such choices). Combining the two terms in Eq. (S14), we obtain Eq. (9) in the main text, describing a one-dimensional chain of blue fermions analogous to the Kitaev chain model [41] . As an example, we give the explicit form of the ground state wavefunctions for system sizes 2 × 2 and 3 × 2 in the next section.
S3
C. Numerical solution For 2 × 2, we obtain the following 8 wavefunctions which respect the previous construction. In the even parity sector, we have
(S15) and in the odd parity sector,
Within a supersector, the states are further distinguished by the eigenvalues under topological loops W y : the first two states have even column parity and the last two have odd column parity. Finally, within such topological sectors, the states are always related by a local operation: an hexagon which flips all 4 red and green fermions.
Note that the 2×2 Hamiltonian is symmetric under R 3 rotations, whereas the basis choice is not. Therefore, the ground states with blue entanglement are not special but a consequence of the basis choice -we should have the same structure, had we chosen a basis with red or green as a special color. These states are seen in the other color parity sectors, and have more complicated entanglement in the present basis. This generates a three-fold degeneracy bringing the number of ground states to 24 (whereas the naive counting presented above yields 8).
For 2 × 3 the Hamiltonian is not rotation-symmetric, and thus blue is indeed special to start with. We do not have a three-fold degeneracy in the ground state manifold, and we observe that all 16 ground states expected on the basis of the above construction are present:
Here the color parities are locked with the column parity. This is because, for odd system sizes, the loops W x change both the column parities and red and blue color parities. Within each sector, all states can be related by local operations -any three hexagons, which flip the parities of adjacent columns.
Here we briefly comment on the numerical methods for g = 0. In order to approach the large system sizes (N > 42), we construct a block Hamiltonian for each sector with definite column and color parities. For system sizes L x × 2, the dimension of each block scales as 2 2Lx−2 while the number of blocks scales as 2 Lx+2 . This is a significant improvement over the full Hilbert space dimension 2 N/2 = 2 3Lx . The results in Fig. 4 (c) up to 2 × 10 come from a thorough search of each sector. For 2 × 11 (N = 66) and 2 × 12 (N = 72), such a search is too expensive to complete. The results come from a search over a subset of the sectors chosen as a natural extrapolation of the first excited state manifold obtained for smaller systems. They thus give an upper bound for the gap energy, which is marked by a cross to emphasize the difference.
D. Ground state energy in the non-interacting limit and SUSY breaking
We have, in the non-interacting limit,
where the sum is over nearest-neighbors, and we label the sites according to their unit cell r and sublattice index α. We now Fourier-transform this expression using
where r α is the sublattice vector and n = N/3 is the number of unit cells. We then get H = k Ψ −k H k Ψ k 
The ground state is obtained by filling the negativeenergy band,
where E (−) k = −4g 6 + 2 cos 2k x a + 4 cos k x a cos √ 3k y a and A = 2 n π 2 2π √ 3
= 2π
2 √ 3/N is the discretization area in going from the sum to the integral. Numerically, we find E 0 /N −1.6g. Note that, because the interacting part of the Hamiltonian is positive definite by itself (when including the 2N 3 constant), we know that the full ground state energy is bounded by
and thus, SUSY is necessarily broken for g ≥ 1.6.
E. Generalization of the model
Here we consider an extension of the model in Eq. (1), with reversed signs on down-triangle plaquettes,
It this case, the Hamiltonian reads:
where the bilinear terms are now positive in the clockwise direction on up-triangles, and anti-clockwise on downtriangles. The non-interacting limit has Dirac cones at k = 0, as shown in Fig. S3 . The infinite-coupling limit (g = 0) behaves similarly as Eq. (1) -it only differs by a minus sign in front of the interaction term. In particular, it has the same exponential ground state degeneracy, and can be solved exactly in thin tori geometries in a similar fashion. The solution still comprises red/green product states, and the blue sector is solved in the same way as presented in the main text -taking advantage of the fact that the spectrum of H blue is particle-hole symmetric. The intermediate-coupling is regime slightly different. The different symmetries lead to different groundstate degeneracy for even systems (16 instead of 8). However, the supersymmetry manifest at g = 0 also seems to survive for g = 0, as shown in Fig. S3 .
